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Introduction 
In this note we construct exact sequences valid for Witt groups over a fairly large 
class of rings A, which specialize to give a long exact sequence for the surgery Wall 
groups, and the classical sequence 
o-, W(A)+ W(A 0 Q)+ Ll W(A/p)-+ZO2/2-+0 
p prime 
where W denotes Witt ring, .I a Dedekind domain, and Z its ideal class group. 
W. Pardon has also obtained this sequence, at least in the case of surgery Wall 
groups, originally by geometric considerations and at about the same time as we did, 
also algebraically, M. Karoubi has also obtained such a sequence. 
Our sequence is constructed for Grothendieck groups of Hermitian forms rather 
than quadratic forms, as in Pardon’s or Karoubi’s work, although the same tech- 
niques yield the sequence for quadratic forms as well. An indication of the details is 
given in the appendix. We also point out that we do not require that the localized ring 
should be Artinian, as in Pardon’s work. This permits, e.g., localizations of the form 
2~ --, &,)~, which is not Artinian. 
This exact sequence provides a computational tool of considerable power for 
studying these Witt and Wall groups, though we only make partial remarks on the 
structure of the various groups here. In particular, in view of Appendix 4 of [l], it 
provides a generalization of the classical theory of quadratic forms and gives the 
proper basis for generalizations of Gauss-Hilbert-Weyl reciprocity. 
A crucial step is due to C.T.C. Wall in his basic paper [6] for the case A = Z. We are 
also grateful to A. Ranicki who pointed out several errors and omissions in a 
preliminary version of this paper. 
* This research wassupported in part by the National Science Foundation grant GP MPS 7407491AOl. 
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1. Definition of L-groups 
We define the Hermitian versions of the Wall groups which we will require, as well 
as the torsion Hermitian Wall groups. 
We let A be an algebra over a commutative integral domain A, A central in A, A 
free as an A-module, equipped with an involution -, so AlAt = izhi. 
Definition 1. An e-symmetric Hermitian form space (E = f 1) is a pair (H, p), where 
(a) H is a projective left A-module. 
(b) /I : H x H + A is a pairing satisfying 
P(Aihi+Azhz, h3)=A&(h,, h,)+A$(h,, h,), 
P(hi, Ah*) =P(hi, hz)X, 
P(h19 h2)= @VI*, hl), 
and such that the map ad(P): H + H* (setting H* =Hom.i(H, :I)) defined by 
ad$)(h2)(h1) = P(h,, hz) is an isomorphism of A-modules. (The .l-action on H* is 
given by (AI$)(~) = Q(k)i, h E H, A E A.) 
Given such a Hermitian form space, and K a submodule of H, we define 
K’= (h E HJp(h, k) = 0 Vk E K}. If K is a direct summand of H, then so is KL. 
A kernel of H is a projective summand K of H such that K = K -. If a space (H, p) 
admits a kernel, we say that it is split or hyperbolic. 
Definition 2. An &-symmetric formation over A is a quadruple (H, K1, K2, p), 
where (H, fl> = (J 0 J*, y), J a projective A-module, and y((ii, cpi), (j2, Q)) = 
cpz(il)+e(~i(I~), and K1 and K2 are kernels of H. 
An e-symmetric hyperbolic formation is one which is isomorphic to 
(J 0 J*, J, J*, y), where y is as above. 
Given 8 : J + J*, J projective, with 8 = -et& we define the graph formation r,,,,, = 
(JOJ*, J, Jet y), where y is as above, and Je = ((x, 19(x)), x E J}. It is easily verified 
that Je is a kernel. Ranicki shows that a formation (H, K1, Kz, p) is isomorphic to a 
graph formation if and only if there is a third kernel K3 in H such that K1 0 K3 = 
K2@K3 = H. K3 is then called a common Hamiltonian complement o K1 and Kz. 
We now let S be a multiplicative subset of the integral domain A c ,I, so that s = S 
for all s E S and so that’ 2 E S. We denote by MS the module M localized at S. 
Definition 3. An S-torsion module over A of projective length 1 is a .4-module M so 
that MS = (0) which admits a A-projective resolution 
We refer to such a module as PLl. If the image of [Pz]- [PI] in KdA) is zero, we 
say the module is of free projective length 1, or FPLl. (Note that the “Euler 
Characteristic” of M, [PJ-[Pi], is an invariant of I% independent of resolution.) 
’ The condition 2 E S is required only for exactness at stage IC;.‘~‘(.,, s). 
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Given M, c MZ, where both MI and MZ are PLl, we say Mr is semisplit in Mz if 
M~/Mr is also PLl, and we write that the pair (Mr, MJ is SPLl. Similarly, if Mr and 
Mz are FPLl, and M2/MI is also FPLl, we say the pair (Mr, MZ) is free semispkt or 
SFPLl. 
Lemma 1. Gioen MI cMzcM~ with (MI, Mz) and (Mt, A4d borh SPLl, then 
(M1,M~)isalsoSPL1.Also,ifO-,a-,B f C+Oisexact,andAandCarePLl,then 
B is PLl. (Similar/y for SFPLl.) 
Proof. Consideration of the exact sequence 
0 -* h42/M, + M3/Mr --, MJM* + 0 
shows that part 1 follows from part 2. 
Our assumptions give projective resolutions 
Since P3 is projective, there is a factorization A = 87, T : P3 + B. Now r(P4) E A, so 
there is a lifting Y : P4 + PI with FV = r)P4. Then, 
(r.7) 
O+P,OP&$ - (i’-“oi) P, @P3 ___, B + 0 
is a projective resolution of B, proving that B is PLl. The result for SFPLl follows 
from additivity of the Euler characteristic with respect to exact sequences. 
Lemma 2. Let 0 + A + B + C + 0 be exact and suppose B and C are PLl. Then so 
is A. 
Proof. LetOtAtGIc-G2tG3t~~ . be a projective resolution for A and O+ C t 
PI +PztO a projective resolution for C. Then, as before, we obtain a resolution 
OcBtP10G1tP*OGzcGjt.‘. of B. 
But B is PLl by assumption, hence im(Pz@Gz) is projective. But im(Gz) is a direct 
summand of im(PzOGJ, hence im(G2) is projective. But now 
OtA+GI+im(Gz)+O 
is a length 1 projective resolution of A, proving the result. (We note that the result 
also holds for FPLl.) 
For convenience, we set M* = Hom,,(M, &/,I). 
Lemma 3. If Mis PLl, so is IV*. 
236 G. Carlsson, R.J. Milgram 
Proof. If 0 * PI f P2 --, M + 0 is a projective resolution of M, we define a projective 
resolution 
as follows: i* : PT + Pi is restriction. Given cp E P?, we have cp :PI --, A. We also have 
that i @ id : P, a,, A, + P2 On A, is an isomorphism since M 0 A, = I% = 0. Hence, 
i* 0 id: Hom,,(P2, A) 0 A, + Hom.,(P1, A) 0 & 
is an isomorphism. But Homn(Pi, A) 0.4, = Hom,i(Pi, .4,). Thus, we define ?r : PT + 
Hom,,(P2, A,> by 7r = (i* 0 id)-‘oj, where j : PT -*PT 0 A, is the inclusion. The 
image of r is precisely those f : P2 + As such that f/PI E P?, so we readily identify the 
quotient PT/Pz with M,, and we have the result. 
Definition 4. An S-torsion e-symmetric Hermitian form space is a pair (G, p), where 
(a) G is an S-torsion PLI module. 
(b) /3 : G x G + Ad.4 possesses the same properties relative to the module action 
as the p defined in Definition 1 and is non-singular in the sense that ad@) : G -+ G, is 
an isomorphism. 
(c) For every X, there is (Y E & such that a =/3(x, X) (mod A) and cz = EC?. 
Example. A = Z, A, = Q. E = -1 and /3(x, x) = t= (-$), then p(x, x) does not lift to 
a -1 symmetric element in Q. 
As before, let K G G and K’ = {g E G]p(g, k) = 0 Vk E K}. We say that (G, p) is 
split if there is a PLl submodule K E G, with the pair (K, G) SPLl, and K 1 = K. 
We now define all but one of our L-groups. 
L;(A) is the quotient of the monoid of isomorphism classes of e-symmetric 
Hermitian form spaces under direct sum by split spaces. We observe that (H, p)O 
(H, -/3) is split, the diagonal A = {(x, x)1x E H} being a kernel, so inverses exist in 
L:(A) and it is a group. 
,!$(A) is the quotient of the monoid of isomorphism classes of e-symmetric 
formations under direct sum by hyperbolic and graph formations. That this is 
a group is verified as in [7] by observing that the diagonal in (H, K1, K2, p)O 
(H, Kt, Kg, -p), where KT and Kz are complementary kernels to K, and Kz 
respectively, is a common Hamiltonian complement to KIOKf and K2@Kz, 
hence the sum is a graph formation. 
We say a projective &module P is extended from A if there is a projective 
,4-module P so that P = As On k 
Lz(A, S) is the quotient of the monoid of e-symmetric Hermitian form spaces 
(H, p) over A,, where H is extended from A, under direct sum by spaces which admit 
a kernel K, also extended from A. N.B. This condition refers only to the module H 
and not to the form /3 which in general will not be extended from any form over I?. 
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L;(A, S) is the quotient of the monoid of e-symmetric formations (H, Ki, Kz, p) 
over A, with H,Ki and KZ extended from A under direct sum by hyperbolic 
formations and graph formations. 
We note that these two monoids are in fact groups since inverses exist for the same 
reasons as in L&A) and L;(A). 
L:‘“‘(A, S) is the quotient of the monoid of S-torsion e-symmetric Hermitian form 
spaces under direct sum by split spaces. 
Lemma 4. LFJ”“‘(A, S) is a group. 
Proof, We need only demonstrate the existence of inverses. Thus, given (G, p), we 
simply note that (G, P)O(G, -p) is split, since A = {(g, g), g E G} is a kernel. 
Lemma 5. I_K c Kl is SPLl in G, then {(G, p)} = {(K’/K, &} in L?“‘(A, S), where 
p’ is induced from 0 in the usual way [ 11. 
Proof. If r : K’ -* K’/K is the projection, the submodule L of (G, /3)O(Kl/K, -6) 
defined by L ={(k, r(k)), k E Kl)} is a kernel, hence (G, P)O(Kl/K, -fi) is split. 
(Kl/K, -p’) is a representative for the inverse of {(K’/K, @)}, hence the result. 
Example 1. If A is a commutative integral domain with trivial involution (A = I), 
then LA(A) = W(A), the usual Witt ring of A. 
Example 2. If A is a Dedekind domain with trivial involution, then it is a well-known 
fact that all finitely generated torsion modules at PLl, so L;““‘(A, S) = 0, where S is 
any multiplicatively closed subset of A. 
Example 3. Let A be the ring of integers in a number field, localized at a prime p over 
some odd prime p, and equipped with the trivial involution. Then using Lemma 5 one 
may show that L:‘Or(A, S) is the set of equivalence classes of E-symmetric bilinear 
forms on finitely generated modules over A/p. Thus 
L:‘“‘(A, S) = L:(A/p), 
where S = A -{O}, and we have 
J%NP) = 
z/2 0 z/2 if (-1) is a square, 
Z/4 otherwise. 
Example 4. If A = Z(Z), again with trivial involution, Li”“‘(A, A -{O}) is the group of 
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equivalence classes of bilinear forms on finite abelian 2-groups. Here we obtain 
L~““‘(A, A -{O}) = z/2 
Lol.‘o’(n, A -{O}) = 0, 
since we have the condition p(x, x) = 0. 
Example 5. If A = Q(r), the rational group ring of a finite group 7r, the involution 
given by g-g-’ , g E x, L;(A) = 0. This follows since Q(m) is semi-simple. Thus, 
given a formation (H, Ki, Kz, p), we pick complementary summands to K1 n K2 in 
K1 and K2, naming them Ki and K, respectively. Now, we have (H, K1, Kz, 0) = 
Ft 0 Fz, where F1 = (K,0k2, I?,, I?z, p^), where p^ is the form /? restricted to 
KiOK,. This is easily seen to be non-singular, identifying K, with K?. 
FZ = (Kr A Kz@(KI n Kd*, KI n Kz, KI A Kz, P), 
where (K1 n K2)* is a complementary summand to K, + Kz, and p is p restricted to 
K1 n K20(K1 n Kz)*. FI is hyperbolic, FI is a graph formation, hence the result. 
We now prove a series of lemmas, which will be useful for ‘calculations. 
Lemma 6. Let A be the group ring Z(r), where ST is a finite group. Then every finitely 
generated p-primary torsion module Mover A is PLl if p does not divide the order of r. 
Proof. Let f : A’ + M -, 0 be a given surjective map. We wish to show that K = ker( f) 
is projective. Note that K is finitely generated and Z-torsion free and that if q is 
prime with p # q, then K 02/q = A’@Z/q = Z/q(r). 
Recall from [3] that a A-module A is said to be of trivial cohomology if 
H” (H, A) = 0 for all n > 0 and all subgroups H of 7~. We now quote two lemmas 
from [3]. 
Lemma [3, p. 172, Theorem 11. A finitely generated Z-torsion free 7r-module A is of 
trivial cohomology if and only if A is A -projective. 
Lemma [3, p. 171, Proposition 01. A Z-torsion free r-module A is of trivial 
cohomology if and only if for each prime q dividing the order of r the residue module 
A/qA is Z/q(H,)-free, where H4 c r is a q-Sylow subgroup of r. 
Lemma 6 follows immediately. 
Remark. Nakayama’s results may also be applied to A’+ N +O, where N is 
q-primary and qll?rl. F or example, if r = Z/2, then Z/2 with trivial r-action has 
infinite cohomological dimension. However, Z/8 with v-action given by Te = 3e (T 
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generates Z/2 and e generates Z/8) is PLl even though Z/202/8 = Z/2 with trivial 
action, since the ideal in Z(x) generated by T - 3 is free and has quotient Z/8 as 
above. 
Corollary. 
G““‘(A, Z-10)) =,i , LYr(A@Z~p), zc,,-{O}) 
II 
OLS*‘“‘(A o&l ,.,... pr)r Z (PI..... ,.,-WI), 
where pl, . . . , p, are the prime divisors of 17r1, for .i = ZT. (Here Z,, ,..... P,, = 
{a/b 1 b prime to pi for all j}). 
Proof. Note that if M is a torsion module, 
M = Ll Z~,,OMOZ(,,,....,,OM 
&*I 
and that this is clearly an orthogonal splitting. Moreover, if A = B 0 C is PLl and B 
is PLl, then C is PLl by Lemma 2. 
Corollary. 3 surjection L&i @Z/p) += Gtor(A OZc,,, Zc,, -101) if pdd. 
Proof. Let (G, p) represent an element in L?‘r(~4 OZ,,,, Z,,,-(01). Then if 
pi. G = 0, p’-IG # 0, let M =p’-‘G. If i # 1, then pi-‘G = M c G is a self-ortho- 
gonal subspace and (G, P) -(ML/M, 6). 
We note that we may define variant theories Li.f by requiring all modules and 
kernels to be free. As before, we set Liel(A, S) = Li.f(As), and we define L$‘(A, S) 
by requiring that all modules and kernels be FPLl and SFPLl. 
2. The Exact Sequence 
In Section 5 we will define the groups L;““‘(A, S) and show that there exist long 
exact sequences 
(a) + LG(.l) + Lg(A, S)+ L:‘“‘(A, S) + L;“(A)+ L;‘(A, S) 
+ L;c.‘or(A, S) + LO’(A) + LOe(A, S) + * * * and 
(b) + Lg.& 1) -, L;,(A, S) + L::;“‘(A, S)+ L;,‘r(A)-+ L34, S) + 
+ L;;““‘(A, S) + L;.;(A) + L;,;(A, S) + * . e. 
The remainder of the paper will be devoted to the construction of the necessary 
maps and the proof of exactness at each point. 
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3. Algebraic preliminaries 
We collect some lemmas about PLl modules which will be needed below. 
Lemma 1. LetMbe PLl and suppose M’ is a PLl submodule of M. Then M’ is SPLl 
in M if and only if the map Exti(M, A) + Exti(M’, A) is surjective for all A-modules 
A. 
Proof. The “only if” direction is clear, since the sequence 
Ext,‘t(M, A)+Extf,(M’, A) : Extf,(M/M’, A) 
is exact, and Extf,(M/M’, A) = 0 by assumption since M/M’ is PLl. 
Next suppose that Extft(M, A)+ Extf,(M’, A) is surjective for all A. Then 
Exti(M/M’, A) = 0, for all A-modules A, since the sequence 
Ext;(M, A) --, Ext,\(M’, A) + Ext;,(M/M’, A) + Extf,(M, A) 
is exact, the map on the left is a surjection, and Ext?,(M, A) = 0 since M is assumed to 
be PLl. Now construct an exact sequence 0 --, K -* P + M/M’-, 0, with P projective. 
Then it is clear that Ext:(M/M’, A) = Ext,‘t(K, A) = 0 for A-modules A, and it is well 
known that this implies that K is projective, hence that M/M’ is PLl. 
Lemma 2. Suppose 0 + p + P 4 M + 0 is a projective resolution of a PLl module M, 
and that M’ c_ M is a PLl submodule of M so that the pair (M’, M) is SPLl. Then 
a-‘(M’) is a projective module. 
Proof. Consider the commutative diagram 
Ext:(M, A) & Ext;(P, A) - Ext:@, A) 
Ext;(lr-‘(M’), A) - Ext;(p, A) 
with exact rows. 73.* is surjective, since Extf,(p, A) =O. Thus for any x E 
Ext!,(sr-*(M’), A), we have x = +* OCY(~), for some _F E Ext!,(M, A), since (Y is 
surjective by Lemma 1. But then x = 6 0 r*(Z), which is zero since Ext,‘l(P, A) = 0. 
Thus Ext!,(r-‘(M’), A) = 0 for all ,4-modules A. Hence *-‘(M’) is projective. 
Lemma 3. Suppose we haveM1, M2 EM, Mr nMz, MI, Mz, Mall PLl. Suppose also 
thatthepairs (MI nMz,Ml), (MI nMz, Mz), (Ml, M) area11 SPLl. ThenM,+Mz is 
SPLl in M. 
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Proof. The maps ExtA(Mi, A)+ ExtJ,(M, n h42, A) for i = 1,2 are surjective by 
Lemma 1. Hence, the map 
i;o-i; 
Ext,!&I4rOM. A) - =&Ml n Mz, A), 
where ij : Ml n Ml + Mi is the inclusion, is certainly surjective. The exact sequence 
i,Q-i, 
O+M, fTA4z -M,OM~+M~+M~+O 
now shows that MI +Mz is PLl. 
To see that MI CM, is SPLl in M, consider 
Ext !+(M/Mr n M2, A) A E&M, A) \ 
/I 
I 
f2 
I \ 
h 
f. 
Ext~(MJMr n M2, A) - Ext!,(M, + M2, A) - Extfr(M,, A) 
Here, ft and fJ are surjective by hypothesis and Lemma 1, and the bottom row is 
exact. Now since h is surjective we must only show that im(fi) 3 im(fJ. But since fr is 
surjective, im(fJ = im(f4fr) = im(f2fo) G im(fA. H ence fi is surjective, and the result 
follows by Lemma 1. 
Lemma 4. Suppose we have MI, M2 EM PLl modules with Ml n MZ PLl and the 
pairs (Ml n Mz, Mi) and (Mj, M) SPLl, j = 1,2. Further, let 0 + P+ P 5 M + 0 be a 
projective resolution for M. Then the module N defined by the pushout square 
is projective. Hence rr-‘(K~ n Kz) is a direct summand of 7r-‘(K1)0~-‘(Kz). 
Proof. N = rr-‘(MI + Mz), which is projective, by application of Lemmas 2 and 3. 
4. The boundary maps d : t&4, S) -, L;““’ (A, S) 
Let (H, p) represent a class CT E LG(_4, S). We associate a nonsingular S-torsion 
form to (H, 0) via the following device, Choose an integral lattice L c H (i.e., a 
A-projective A-submodule of H, such that LOAs = H, so that PIL x L takes values 
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in A) (possible since H is extended); let L# = {h E I@(h, 1)~ A Vl E L}, and set 
M = L#/L. An c-symmetric &/A-valued form @ is defined by p(mi, mz) = @(I,, i2) 
(mod A), where r(li) = mh 7r : L”-, L*/L. That this form is nonsingular is direct, and 
that M is PLl is clear since L” - = Hom,,(L, A) is projective. If L’ is another integral 
lattice, there is a lattice L” c L’ n L since H is finitely generated over As, and we have 
the sequence of inclusions 
From Lemma 1.5, 
(L”)“/L”-(L’)“/L’ and (L”)#/L”- LyIL, 
so the construction above defines an additive homomorphism from the monoid of 
isomorphism classes of extended e-symmetric AsHermitian form spaces to 
L;‘“‘(A, S). To see that it factors through Lg(;l, S), it suffices to check that the image 
of a split form is trivial, but this is immediate: Choose Lr = L = L,@LT, where 
L1 c K is an integral attice and LT is the dual lattice in KT, where H = KiOKT (i.e., 
L? = {k E KT (P(k, I) E A VI E L1}. If we are in the case of sequence (b), we require 
that all lattices chosen be free. 
Lemma 1. The composites 
(i) L;(A) + LFJA, S) A LP’“‘(A, S), 
(ii) L:,,(A) + L&f(A, S) 4, L$‘(A, S) 
are exact. (The maps on the left are the obvious O.tAs-maps.) 
Proof. We prove (i). (ii) is entirely analogous. 
Let a E LG(A, S) be in the kernel of a and (H, p) represent cy, then a(H, 0) = 0 
means that L”/L admits a kernel K. Then L’= r-‘(K) is self-dual ((L’)” = L’). 
Hence p/L’ x L’ is non-singular and L’ is easily seen to be projective, using Lemma 
3.2 and the fact that K is SPLl in M. Hence, (H, p) = (L’, PjL’x L’)%As and LY is in 
the image of L;(A). 
5. The definition of LTtor (A, S), and the connecting homomorphisms d, i 
We make a preliminary definition. 
Definition 1. A lifting X of an c-symmetric S-torsion Hermitian space (G, p) is a 
triple (H, p, 7r) where H is a projective A-module, p: H x H + ‘Is is an e-symmetric 
Hermitian pairing, and r : N --* G is a A -homomorphism inducing an isomorphism 
7r : I-Z/K + G where K = {x E Z-IjP(h, x) E .I for all h E H}, and for which 
p(x, y)=p(+), v(y)) (mod A). 
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Given a lifting X of an e-symmetric S-torsion Hermitian space (G, p) an SPLl 
submodule K of G is euen if for each x E r-‘(K) there is A, so 6(x, x) = A, +x,, and 
K is an even kernel if K = K’ in G and x-‘(K) = M contains a (projective) kernel 2. 
Definition 2. An e-symmetric S-torsion I-formation is a septuple 
(G, Kr, Kz, P, X, Ll, Lz) with 
(i) (G, p) an e-symmetric S-torsion Hermitian space, 
(ii) K1, K2 kernels in G (not necessarily even), 
(iii) X is a lifting of (G, p), 
(iv) L1, LZ are SPLl in KI, K2 respectively and even. 
We may form direct sums of torsion I-formations in the evident way. L;““‘(/i, S) is 
now defined as the quotient of the direct sum monoid of e-symmetric S-torsion 
I-formations by the relations given in 
Definition 3. A: (G, K,, K2, p, X, L,, Lz) - 0 if there exist 
(i) even kernels MI,. . . , Mi of Gr, 
(ii) kernels Nr = K1, N2, N,, . . . , Nj+r = Kl of G, 
(iii) even SPLl submodules of Nk, Pl,k, Pz.~, . . . , P,,(L)J with Pl.o= 
L-1, PnCj+*j.j+l = KzL2 satisfying: 
(a) IV& n Nk is SPLl in Mj and Nj, and Mk n Nk+r is SPLl in h& and Nk+r. 
(b) Pi-l n Pi+l,, is SPLl in Pi,, and Pi+l.,. 
(C) Mk ~NIC CPnckjk, Mk nNkc1 cpl,k+l. 
B: (G,K,,K~,~,X,LI,L~)-O. 
The definition for L;:;“’ requires free and FPLl modules. 
Before proving that L;.‘“‘(A, S) is a group and constructing the maps a: L;(.l, S) + 
Lt*‘“‘(A, S), i : LT’“‘(A, S) --, L;(n) we need to consider a special construction. 
Note that in an e-symmetric S-torsion I-formation r-‘(Ki) = Vi is self dual 
V, = V”, and T-‘(Li)C Vi is even. 
Definition 4. Let V E H be a self dual projective lattice V = V# and N c V an even 
projective sublattice. Then 2, c (HOH, PO-p) is the set of pairs 
Lemma 1. Z, is an men ,I-lattice in (H@H, ps-fl), Z,: = Z,, and Z~J conf~zins a 
distinguised kernel AN*. 
Proof. We check Z,V is even. A generic of Z,V is (I + n’, n’+ 1 +n) =x where 
n’cN#,lEL,nEN, and (x,x)=/3(I+n’,lxn)-p(f+n’,I+n’)-p(n’+f,n)- 
P(n, n’+l)-P(n, n) which is evidently even since W is. The remainder is equally 
direct. 
The following lemmas are equally valid for the free theory L;:;“‘. 
Lemma 2. L;““‘(A, S) is a group. 
Proof. (G, KI, &,&X, Ll, LdO{G, KI, &, -j3,2, LI, 15.2) is trivial where $? = 
(X, -P; a) since we can set 
P 1.1 =L1OL1, P2.1= LOLIOAK,, 
Ml = G.er n), 
PI2 = Lt0L20AK, and P2.2 = L20L2. 
Definition 5. The map a: L;(n, S) + L;““‘(A, S) is defined as follows. Given 
(a) = (H, Kl, K2, P) 
scoH=&~X1: =&DX$, SEJ w*, w,, Y I%? -2, -&YD~&h? ko.?h3 jn XI, XJt ad 
(WI 0 W;' ) A (Wz0 Wr ) respectively, then I is the class of 
(V”/v,7r(W,0W;“),74W20W,“),B, V%r(WlO W:)J(w20 WT)) 
Lemma 3. a is well defined. 
Proof. We first verify that the image of a graph formation is trivial. Let (I-I, K, I&) be 
given and choose WIcKI, then set W2= WI, = (wt, B(w,)). We have W? = WT. 
There is a u E A, the central integral domain so uO( W,) c WT, and set 
v=vwrowr 
SO 
VX = w,oi WT. 
V 
The associated I-formation is evidently trivial. That a hyperbolic formation maps to 
zero under a is clear. 
NOW let (H, Kt, K2) be an arbitrary formation. Pick WI, W, and W’, c WI, and 
assume Vc(WtOW?)n(W20Wr)n(W’10W;#)thenweassert 
(N”IN,~(W,OWT?,rr(WzOW2r),p...) 
+ (V/N, 7r( w; 0 w’,” ), 7r( w20 wr ), -pm * *) 
is .MSM >n&.e&, se2 55, =&XI =_?{* =&W,DWy jB~jW> DW>“},XZ= 
P = T( Wz0 Wr )0 T( W20 Wr ) and we verify directly that d(N”/N) n Ki are 
S&I). Therefore, the image of d is independent of the choice of WC and Wt. 
Finally, fix WI, W,, but assume N’c N, then once more we easily show the 
equivalence of the resulting I-formations. 
Lemma 3 follows easily. 
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Definition 6. The map i : Lt*‘“‘(A, S) + L:(A) is defined by 
i(G, KI, K2, P, X LI, L2) = [7r-1(KJ1-[0K2)1. 
We have 
Lemma 4. i is well defined. 
Proof. We need a preliminary result. 
Sublemma 1. Given a Hermitian form space (H, p) over A, and lattices L,, LZ such 
that L: = LI, L? = Lz, and L1 n LZ is A-projective then {L,} = {L2} in L;(A). 
Proof. Consider (L,, p)O(L2, -p). Define Kc LiOL2 by K = A(L1 n Lz). K is a 
direct summand by Lemma 3.4. Also for K’, suppose (p O-p)((x, y)(f, I)) = 0 for 
1~LrnL~, then 
P(x,~)-P(y,~)=P(x-yY,~)=O 
for all 1 E H so x = y. Hence K’ n Ll 0 L2 = K and K is a kernel. This concludes the 
proof. 
Now to complete the proof of Lemma 4, consider 
(G, Ki, K2, P, Ll, L2) - 0. 
If a type A relation is used, then given N1 = K1, N2,. . . , Ni+l = K2, Ml, . . . , Mi we 
have 
Y’(N,) - rr-‘(Ml) - 7r-‘(Nz) - K’(Mz) -a * * - T-‘(M~) - Y’(A$+J 
by Definition 3(a). The type B relation is evident. 
Remark 1. Consider 2 different liftings of the same torsion f-formation 
(G, K&z, Xi - . *), (G, KI, K2, X2 * + .). 
In (G@G, Kl@Kl, Kz@K2, /30-&X,0X2 * . .) we see that JGn Ki@Ki is 
SPLl in everything hence, applying Sublemma 1 again rr;‘(K~)- rr;l(K~)- 
T;’ (KI) - T;’ (K2) SO the map i is independent of the lifting chosen, and factors 
through a group defined in an evident way in terms only of torsion triples 
(G, K1, K2, 0). Note that in order to compute the boundary map, we must take a 
lifting X in which r-*(O) is even. 
6. Exactness at I,;(A, S), JYF’“‘(A, S), L;(A) 
Lemma 1. Let a E ker : L:(A) + Li(A, S), then a E im L;““‘(A, S). 
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Proof. Let (V, /3) represent CY and (A,@,, V, p) = im(a) is trivial so there is a kernel 
Kc(,tsO,,V,@) and since )ES,(A~@,,V,~=K@K*. Now let LcK be any 
projective A-lattice and Lc c KC is its dual lattice. Let W c (LOL* n V) be 
projective and even. Then 
CY = i( w”/ w, sr(V), n(LOL#), p, wr, 0,O). 
Lemma 2. Let a E ker : L;““‘(A, S) + L:(A), then a E im a. 
Proof. Let (G, Kr, K2, /3, X, L1, L2) = ‘3 represent cr, then rr-‘(Kt) - 6’(Kz). Now 
%-CC?= g@(G, Kz, K2, -P, X, Lz, L2) 
and ~-‘(K2)Osr-‘(K2) is trivial and even with kernel drr-‘(K2), while 7r-‘(Kl)@ 
rr-‘(K2) is trivial and even with kernel K. Evidently, 
c%A.s@,~(XOX), As@K,A~@~(~-‘(Kz))=cY 
and Lemma 2 follows. 
Lemma 3. The composites 
(a) L;(A)+ L;(A, S) A L;““‘(A, S), 
(b) L;(s4, S) + L;*‘“‘(A, S)-, Lo(A), 
(c) L;““‘(A, S) + L,,(A) --, L,,(A, S) 
are all zero. 
Proof. (b), (c) are evident from the definitions. For (a) let (Y E L;(A) be represented 
by(L,K1,K2,P)thenL=K10K? = K20 K: is even and for any projective lattice 
W c L, (&)(a) is represented by 
( W”l W r(L), r(L), P, w”, r(L), r(L), r(L)) - 0. 
Finally, we have 
Lemma 4. Ifa E ker:L;(A, S) 2Lytor(A, S) then a Eim L;(A). 
Proof. If (G, K1, K2, p, X, L1, L2) is realized as the image of an element in L;(A, S), 
then K1 = L1, K2 = L2 so K1, K2 are even. An element (G, KI, K1, p. X, K1, K1) in 
which K1 is consequently even is actually of type A in Definition 5.3, so we may 
assume that the image of an element of L;(A, S) which is zero in LE”“‘(A, S) is of type 
(A). 
Suppose then (G, Kl, K2, /3, X, L1, L2) = a(x) satisfies (A). Then we have even 
lattices r-‘(n/li), each admitting a kernel say Ki. As in [7] 
H(Kt, K2r P)O(H, Kz, Ksr P)O* * *O(H, Kj, K~+I, P)-H(KI, Kj+l, P)* 
Thus it suffices to show that each command (H, K,, Ki+l, p) is in the image of L;(A). 
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Sublemma 1. (H, K1, Kz, P)-(HOH, KIOK:, A, PO-p). 
Proof. (Z-I, KI, Kz,/3)-(H, K,, K2,P)O(H, K?, KT, -P)=(H, K,OK2*. KzOK?, 
p 0-p). Now A is a Hamiltonian complement o K20Kz, hence the result. 
More generally, we have 
Sublemma 2. (H, K1, K3, @)-(@*I H, K1@AZOA40.~ *0Azi_20K3, AlO 
As@.. .@Azj-1, @:;I (-1)‘/3) where Ai has coordinates (0, . . . , 0, Xi, x,+1,0,. . .). 
(The proof is repeated application of Sublemma 1.) 
Now, given (H, K,, K,+l, /3) admitting a projective self-dual lattice r-‘(M) and 
even projective lattices X-'(Pj.i), i = 1, . . . , n(i), so that (~,OL~)nF’(M) and 
(LzOL:) n r-‘(M) are projective, 
(LIOLT) n K’(M) G C’(P1.A (L20LT) n T-‘(M) s r -‘(PnCiLi) 
and Pi,, n Pi+l,i is projective for all i, we must show that (H, K1, K2, p) is in the image 
of L;(A). Indeed, set 
Then .Z”=Z and (K10A20A40~ * *0Azj-zOK*)nZ is a kernel by Lemma 5.1, 
and for 1 odd 
A~~Z=L~OLT~I~-‘(P~,~), 
AZ/-l n Z = LzO LT n r-‘(Pttci,.i), 
Azj+l nZ = 7~ -1 (Pi.,) n r -1 (M). 
That they are summands follows from Lemma 3.4. 
7. The map i: Gj”“‘(A, S) + L:‘(A) 
Let (Y E L$tor (A, S) be represented by (A4, p) and suppose 
(7.1) O-+P,-,P~6M+Q 
is a projective (or free) resolution of M. Then, as in Section 1, we may take the dual 
resolution 
O+P:+P; %M,-,O. 
/3 defines for us an isomorphism ad(P) : M + Me. Set H’ = PI 0 PT. Since M is 
S-torsion, there is a unique embedding C$ :Pz* --, Hom,,(P,, A,) = PT O-4,, extending 
the usual evaluation of Pf on PZ E PI. With this C#I we obtain a -E-symmetric form on 
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W’s B’), by 
P’((P7 (6119 (4,dz)) = 41(s) T h(P), 
and (H’O&, 0’01 j is a nonsingular Hermitian space over A,. As in [6], set 
H ={(P, &lad(P)+) = 73(4)}, H c H’. Then 0’ restricted to H turns (H, p’) into a 
nonsingular Hermitian space over A. (H, /3’) is split, admitting kernels &O(O) and 
(0)OP:. That these kernels admit complementary kernels fohows from property (c) 
of Definition 4. One now checks that adding a projective summand to the resolution 
(7.1) adds a hyperbolic formation, and that therefore the image of this constructed 
formation in L;“(A) is independent of the choice of resolution. Thus, we have 
produced a homomorphism from the monoid of isomorphism classes of S-torsion 
Hermitian spaces to L;‘(A). 
For more details and proofs of the above statements, see [6], where proofs are 
given for A = Z, which carry over word for word to this context. 
To check that it actually factors trough ,$‘“‘(A, S), we must verify that the image 
of a split form is trivial. This follows from two easy lemmas. 
Lemma 1. A split torsion form is the image of a rational form under a. 
Proof. We let (G, p) be a split torsion form, so there is an SPLl submodule K c G so 
that K = K*. Note that G/K is isomorphic under the adjoint map of the form to &. 
We now form a projective resolution 
O+P+PIK-+O, 
with 9 free. We obtain, again as in Section 1, a dual resolution 
If we now extend the usual evaluation form e on POP* in the unique way to 
Pep*, as above, and let e be the evaluation form on KOG/K obtained by 
identifying G/K with K, by ad@), we find that 
e(x, y) = e*((rr@d)(x), (~@?j)(y)) mod A. 
7i : p* + G/K may be lifted to ii : p* + G, since P* is projective. Now we find that 
e(x, Y) = P((~@+)b), (w@+)(y)) mod A 
if either xgP,y~P or x~P,y~p*. Thus, the difference y(x, y) = e(x, y) - 
P((rT3(x), (~03(Y)) is a As/A-valued form on P*, a free A-module. Condition 
(c) in Definition 4 of Section 1 now guarantees that it may be lifted to a f symmetric 
&-valued form y’ on @*, which is A -valued on P*. We define a As-valued form Q 
on POP* by 
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(Y is easily seen to be non-singular as a &-valued form on (POP*)@&, and 
(Y(x, y)=p((r@+)(x), (x@+)(y) mod A. 
Let M = POP*. Then we must show that (G, /3)r(M”/M, a’), where G is the 
form induced by (Y. This requires that we show that the submodule 
A = {x E P&*ja(x, y) E A Vy E POP;*} 
is M. But 
Lemma 2. Let (M, /3) E im 13. Then i(M, p) = 0. 
Proof. Indeed, given O-, L -, L#+M+ 0, we set H t L”@L# to be {(II, 12)11i = 
I2 mod L}, K1 = LO(O), Kz = (O)OL, and d(L) is a common Hamiltonian comple- 
ment, hence the image of (M, /3) is trivial in L;‘(A). 
Corollary 3. The sequence is exact at Lt’“‘(A, S). 
Proof. Lemma 2 shows that ia = 0. Now suppose that i(M, p) = 0. Then the forma- 
tion associated to (M, 0) is a direct sum of a hyperbolic formation and a graph 
formation. However, we may assume it to be a graph formation only. For, if we can 
lift the graph formation to an element y in LE(A, S), with ay = M, and to a resolution 
L + L” + M, with L” c y, we can obtain the actual formation from this by a change of 
resolution. Suppose then we are given the graph formation (H, Ki, Kz, p’), with KS a 
common Hamiltonian complement o Ki and K2. Note that by construction, K1 and 
K2 are disjoint. We have an isomorphism (Y : K1 = Kz = K2. Define p : K1 x Kl+ A 
byp(lci, ki) =p’(kl, a(k;)). Wenote that themapad@‘):Ki+KT isinjectivesince 
the kernels are disjoint. Hence, the map ad(p):K, *Kf is injective, and its 
extension to a Asvalued form on Kl@As is non-singular since K$/K, =M, and 
MOAs = 0. We now check that if /3’ is e-symmetric, then fi is --E-symmetric. 
Note first that, since kl and a(kl) represent the same element in KT, we obtain 
that kl -a(kl)EK: =K3, sop’(kl-a(kl), k; -a(k;)) =0, since both elements are 
in K3. So, we have 
O=P’(kl-a(kl), ki -a(k’l)) 
=-P’(kl, a(k;))-P’(a(kl), k’l) 
=-P’(kl, a(ki))-eP’(kG;, a(kd) 
=-6h k;)-eP(k;, k,), 
so ,%, k;) = ---E&k;, k,). 
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By tracing through the construction, it is now easy to verify that the given torsion 
form is the image of (KIOAs, 60 I), hence the result. 
Corollary 4. The sequence is exacr at L.;‘(A). 
Proof. The composite (O&)oi = 0 since HOAs = Zf’@&, using the notation at the 
beginning of the section, and (HOAs, Pl@A, Pz@.4S, p@l) is evidently hyper- 
bolic. Now suppose (OA.s)(cy) = 0, where (Y E L;“(A). We first need 
Lemma5 Given (H, K,, Kz, sr)aA-formation, if (HOAs, Kl@As, KzOz4s, pO1) 
is a graph formation, then (H, K,, Kz, p) is equivalent to a formation in which 
K,nKz=(O) 
Proof.That (HO&. KIOAS, Kz@As,/3@1) isagraphformationimplies that in the 
splitting KIOASOKT @A, K2 maps isomorphically by projection on the first 
factor to KIOAS. Thus, the splitting map K2+ KIOKr has the property that the 
projection on K1 is injective. We now quote a lemma from [7] which says that 
(R Kr, K2, P)I W, K2, K3r PI - (H Kl, K3, PI, 
to conclude that 
(H, KI, K2. P) - W, Kt, K:, PKBW, KT, K2, P)- (H, K:, K2. P). 
But now K? and K2 are disjoint since the kernel of the projection of K2+ K1 is 
trivial. 
This proves Corollary 4, since if (H @A, K1 @A, K2@Aa p @ 1) =$?@I’,, 
where 
and 
I’, = (A@fi*, fi, &, /3ci) (a graph formation), 
then if we let A be a hyperbolic A-formation such that fiBAs= 
@@I?*, R*, H, -PA), we have that (H, K1, K2, p)Ofi is a graph formation since 
(HOH, KIOKT, KT OKI, PO-p) is seen to be a graph formation. Now apply 
Lemma 5 to conclude that (H, K1, K2, p) is equivalent to a formation with disjoint 
kernels, and the constructions in [6] to obtain that (H, K1, K2, p) is in im(i). 
To obtain these results for the free case, we must again substitute “free” and 
“FPLl” for “projective” and “PLI”. 
Appendix. The quadratic case 
Definition 1. An e-symmetric quadratic space is a triple (H, fit 19), so that 
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(a) (H, p) is an c-symmetric Hermitian space over ‘1, 
(b) 8 : If + H* is a A-homomorphism so that 8 + ~0 = ad(p). 
Definition 2. If (Hr, pi, 0,) and (Hz, pz, &) are quadratic spaces, we say that they 
are isomorphic if there is a A-isomorphism cp : HI + Hz so that 
(a) Pz((P(x), P(Y)) = Pl(x, Y). 
(b) e1 -(p*e2(p = n -cn*, for some n : HI + HT. 
If (H, p, 8) is a quadratic space over A, we say a direct summand K of H is a kernel 
if K = KL in the Hermitian sense and i*Bi = Y - EV* for some v : K + K*, where 
i : K + H is the inclusion. A quadratic space admitting a kernel is said to be split. 
Definition 3. An s-symmetric quadratic formation over A is a quintuple 
(H, Ki, K2, p, e>, SO that 
(a) (H, p, 0) is an c-symmetric quadratic space over A. 
(b) K1 and K2 are kernels. 
A formation (H, K1, K2, p, t9) is said to be a graph formarion if K1 and K2 admit a 
common complementary summand K2. with K1 0 K3 = K2O K3, so that K3 is itself a 
kernel. Two formations are isomorphic if there is an isomorpism of the associated 
quadratic spaces respecting the kernels. A formation is said to be hyperbolic if it is 
isomorphic to 
(HOH*, I-4 H*, P, e), 
where 
e((x,, c~Q))(x~, d2) = 42(~1) and P = 8 +ce*. 
Definition 4. An &-symmetric S-torsion quadratic space is a triple (G, @, O), where 
(a) (G, /3> is an c-symmetric S-torsion Hermitian form space, 
(b) @ : G --, G* is a A-homomorphism so that p = 8 + co*. 
As above, an SPLl-submodule K of G is said to be a kernel if it is a kernel in the 
Hermitian sense and if i,8i = v - EV*, for some v : G -, G,, where i : K + G is the 
inclusion. A space admitting a kernel is again said to be split. 
Definition 5. An c-symmetric S-torsion quadratic formation is a quintuple 
(G, K1, K2, P, e), where 
(a) (G, p, 0) is a split &-symmetric S-torsion quadratic space, 
(b) K1 and K2 are kernels. 
Isomorphisms are defined as above. By exact analogy with the Hermitian case, we 
now define the quadratic L-groups LTq(A), L;,(A, S), and Li:$“(A, S) as quotients of 
the monoids of quadratic spaces by split spaces, and of the monoid of quadratic 
formations by graph and hyperbolic formations. In the torsion formation case, we 
form the quotient by the same relations as in Section 1. 
The Lf.,(Z(x)) are the Wall groups Lih(Z(rr)) of surgery theory. 
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By methods virtually identical to those above, but taking account of 0, we can 
demonstrate the exactness of the localization sequence for the same rings for which 
the Hermitian sequence was proved exact. The details are not included since Pardon 
and Karoubi have already proved versions of the exactness theorems in these cases. 
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